Mat2660 HW'T

1. Use mathematical induction to verify the formula derived
in Example 2 for the number of moves required to com-
plete the Tower of Hanoi puzzle.

Prbo‘e: GR/@V\ HY]:ZHY\'—\ T{ . TO prove an 2"\ —| b)’ fV\O{ldToYl.
Wiehh H\= l

We have
Basis stp: = H = 2~ =| (ochecked)
lv\o(udflle stp: Assume HK'—‘ZF—\ or all fméw kK >o.
e hate Hey= 2He t
= 2-(2‘:—\%\
= M oq| = Sy

By mathematical woluttn, H,=_| L all tager N0,

3. A vending machine dispensing books of stamps accepts
only one-dollar coins, $1 bills, and $5 bills.

a) Find a recurrence relation for the number of ways
to deposit n dollars in the vending machine, where
the order in which the coins and bills are deposited
matters.

Sol: @) Lok Gn be tha nupber ot ways—o Auposie n dollars
Thue are 3 possible Cases  for Gn:
(et The last dmposftd cash Ts  [~dolar coin:
The, humber oby wags before th_last s An-)

Q‘EQ_Z The last, o!mpos?’w( cash s $L bills.
The, humber o uays befoke th last s An-

(023 The last, dopesied cosh s 5 bills.
The, humber ob u)aJs befoie tha_last s Ap-o

b) What are the initial conditions?

¢) How many ways are there to deposit $10 for a book
of stamps?

= Uy= Qn-5t 2004, Q=1 42, A=Y, 05=8,qy=(6
b) Q=I, A=2, A:=¢, a3=8, Ae=(5



(L) a&"ag’(‘Z&?: g-(-z. [0 =8¢
Ogq=Q¢+t20p=[612 288 =(61576 =572
Qo= Qe t 209= 3212 092= 22+ (| §4 = (29

4. A country uses as currency coins with values of 1 peso,
2 pesos, 5 pesos, and 10 pesos and bills with values of
5 pesos, 10 pesos, 20 pesos, 50 pesos, and 100 pesos.
Find a recurrence relation for the number of ways to pay

a bill of n pesos if the order in which the coins and bills
are paid matters.

Sok: Lot dn be thae number of ways to pay o ill 4t n peses
Thart are, 9 possiple. Cases:
(_jU_lS_QE The last, dﬁPOSR’ﬂA cash ©s | peso. coin
The, humber o usys before the_last TS5 An—

(e2  The last ollposftrw( cash s = pesos cafnt
The, numbers o ways befire the st 75 O

(nse. 3 Tha last, olﬂposfwl cash Ts 5 pesos cin
The, humber ofy wags before the_last s Ans

(eq  The last, dopositd cash s [0 peses @i
The, humber ob wags before th last 15 An-ro
(e & The last, doposited cash is & pesos bl
Tha, humber o wags before th last 15 An-g
(e b The last, dupww{ cash ©s (0 pesos bill
The, humber ob u)ags before tha_lost 15 Ay— ;o
(w7  The last, olapos.’wl cash s 20 pesos bl
Tha, humber ob wags before th last 15 Apo
(e 8 The last, claposted cash 7s 50 pesos bl
The, humber ob wags before tha last 15 Ay-so
M The last, olmposftao( cosh s (00 pesos bil|
The, humber o uays befsve the_last 15 An-e

= ahz On< ™y 2005 t 200~ t &&1—10'—k QV\-% T An~on .



7. a) Find arecurrence relation for the number of bit strings
of length n that contain a pair of consecutive 0s.
b) What are the initial conditions?

¢) How many bit strings of length seven contain two
consecutive 0s?

% Q) Ist Qn be TWC Number vl bit s*tva%s vré fwéﬂ/\ n thad eotfarhs
o P st oopseculie Os. n bets (
—~ : ANy O P = fp4 ways
(el end st 1o b g 26 = 0
n-z2 s
o2 coninkg & 7 A =D Qyp WOYS
o B Copee cakiv-0s
‘-2 n-2
AN — N —
lox O fop W2 Spt;t) .00 = 2 mgcs

Casez  emd with O -

> Qu= Qo tln2+ 2
p) (i = Does NOT Exist Th}(ja( cow(fam5
Q= = 1. (ulh (s $00% ) ’D
Ga= % (uhich ot 3 (od, 001,008 00, 0100, V10, 080!
Q= Htha (whidh 0 3 1100, (oot 0011, 1270 o000k
=8
)
D de=8642 =1 ag=19 117 =9y
Qo= 142" = ¢

8. a) Find arecurrence relation for the number of bit strings
of length n that contain three consecutive 0s.

b) What are the initial conditions?
¢) How many bit strings of length seven contain three
consecutive 0s?

Sk Lot On be tha number of bt strikg o [%w\ wmmru}s Congeutile 05
Tor Cn, thu o 2 Cages:

i

a) (4ol enh wch L WI © Qg WOogs
bt o A B v n2

(ae2 end with O Dok w2 @@ 70 Qup Nays

conSeucti® OS
° | 3
h=3 (oeO forgadh 500 - X

aV\l aVl-‘ —(- aM"Z— f ay\;;"l S);;%ﬂ/\ % n-b



b) A ,02 = Does NOT EBO.

0y =1 (ubih 75 30003) vmm[ condieas
Ae= 3 (w/\fd/\ are ilooo,ooo\,oouc@

ag: 8 LuMFd/\ an_ 21\000, [000] , 00D!(, (0000, 60080 000(0/ 0000
ooooﬁ\’s

C) Qo= 1yt 2 = 20
Q= rgpdaf = ()

9. a) Find arecurrence relation for the number of bit strings
of length n that do not contain three consecutive Os.
b) What are the initial conditions?
¢) How many bit strings of length seven do not contain
three consecutive Os?

SOl Loy G be e number of bRt stris o lgthn Tt do et
Confan 3 ®hsecdtir Os.
0) For On, We have Z%ﬂy Y
- of n—i _ Qo 0045
5 n—{ bes
CO'S(')" U\D\ [\“\'{h O'. of W= Yits
C% hy 3 whmﬁllb > M&s

2 bres O
of N3 Dbits cartointvs Oy W45
ne 3 consecatie %, T © 0 d
— b‘
QV\': Q"\_(-(-a"“l Taﬂ-3 N h-> breg \
b) (0 =2 (whith are S ,og> o s
0= &4 il & 3, I0,0(,obS)
Q= ") (whizh are. S (11, 110, [of, Ol (o), o0, ooli}
}2

7 = 13 (ﬂ//m//l a_ § 1L, UL, [rof, Tofl, o'HIJ 1100, foof, 6O({,
atp‘ (0(0, ofal, elov, oc(o/o(mg

&) Q= 3t =29
Qo = 24t1t) =45
On= 44t 3 =6



11. a) Find a recurrence relation for the number of ways to

climb n stairs if the person climbing the stairs can take
one stair or two stairs at a time.

b) What are the initial conditions?

¢) In how many ways can this person climb a flight of
eight stairs?

Sel: Lk dn be the number o'&waf&s o dimb n Sturs ﬁrfalc?ug, ohe_
stairor twod starg at o Timg.
0y For On , We hate <o coses:
(wsel -t climbig emds uieh owe stair:
e areié n—\ Stads pefore ok iz has  Qn- WYP

Qe 2 [imbw ends wih 2 Stairs:
= m(wza n—  Staite befre thel whth ey Qo wags

Ty An= Qnet tla N7 4
) Q= | Covd\/ 1 wags e tNer 7S m(/ 1 stair)

WO | (o 2 (clnbig 2 ST+ 2 ways (o Lt or o o3t )

; | o
o g ok 2-stain, or OWL 2~Stuir

fz= 3 ( T I-stuir , one 1-sfair T aen oL 1529)

) a[(;; hstlh=h, Ae=5t3=§, Q= &t5=(3, Ay =13t¢ =2 |
Qe=2[113 = 3%

13. a) Find a recurrence relation for the number of ternary
strings of length n that do not contain two consecu-

tive Os.
b) What are the initial conditions?

¢) How many ternary strings of length six do not contain
two consecutive 0s?

Se: Lot O be thi number 6 fumany. st of leagth n Coftnig 1o = Comecqﬁ;/:
a) For Qn, we hase 3 (¢S o i VEEs con
Cose L T[Ao.stvaég ond WiER 20 o2 cthQ\cu‘h?k. 05 > - O LAy
- «Q"VJ\\:(&- v\E\'*érts eavrtaliiy
(Be2 mccw%ged e LRI o A Dl e
v bk
(Cose? [l Stﬁlk(‘}s end wTeh O MID Ona woys

Contodiig No =

am.( wag;

20 QOuv W“g>
> bres

Thom dn= 200+ 2= A>2 .



) (= 3 (uhith are $05 1, 23)
W:d‘ L= & (uhith are o1, 10,02,20 ll,lz,zl,z?_z
O 9 02, 612, 2272, 202 022 2(2 |22
a3:2q((7.(h [(AMIY}’\ LZAN i HFIZ) llb", 0({: 22], zoli 02_|,/ 2] : [z\s
= (tb=22 (ro, 200,000, 020,(20,2208 § >

¢) Qg=2-§t222 =60
Q=222 t2-bo=[s¢

21. a) Find the recurrence relation satisfied by R,,, where R,
is the number of regions that a plane is divided into
by n lines, if no two of the lines are parallel and no

three of the lines go through the same point.
b) Find R, using iteration.

Sol : Lot Ra be the humber oy 1R4ions that o plawe Ts duted s by n lines,
a) Roe=1 (o fite with T pla) |, Ri==2 | ®.
From Ry T Ro, We add  n-th It on o ! plawe wieh n— lines

To gat o mosk o et -t ling will W sect all tho existel
net (s wieh nt Tirrseation poids
S, these =t nturceatim pomits  splrt the n-th 1L Tuto
N Lc&wai and  eoclh se%mﬂ\B will $p(ft ead\mgm\ 'gnmPyH
e 2 regfovxs CThan  dawe are, tomll): n hew T%Fby\s Whith

owe_ Created From o@loifrj the n-th |
Thuede  Rns Rog 1 1> |

l’) Ri=2 | ®. ,Rz=q- | ®§®2@ ’%27

Ry Rt 0 [
= an—ﬂ' n-)+th = Rz 09 th
= Ry th2) TOOT = Ras () 10D N

Ae=2-b0t2 [6¢= &¢d-

_ o= R 4 213N = Ret T 2A3H0TA =Ret AV

—_—

= |+ hirt)
2

= Ro= 1t __mgrg



26. a) Find a recurrence relation for the number of ways b) What are the initial conditions for the recurrence re-
to completely cover a 2 X n checkerboard with 1 X 2 lation in part (a)?
dominoes. [Hint: Consider separately the coverings ¢) How many ways are there to completely cover a 2 X
where the position in the top right corner of the 17 checkerboard with 1 X 2 dominoes?
checkerboard is covered by a domino positioned hor-
izontally and where it is covered by a domino posi-
tioned vertically.]

Sol- Lst O be The Wanber s wags to Complefely cover o 2xN
o Mcrboam\ with X2 dominoes. \mstgp-

(o) For n,chore e 2 (0065 -
(ael The final stp 7o put o Ix2 Veﬁ(fcaﬂ)/a
Thore, ase. Quy Wy before. €his fial stop.

,@f"f_ The. fiinal §fap IS P‘d‘ two X2 kchtsv\“ra\lyz

N 7 Thave. N&OM-L“’"‘QS bCFGTQ‘dAB 'Fﬂtql 5@10
n-x

= 17
Thueloe, Qn= At T2 yh=2

owfa=1 (ol Lu-af1Y >
W\T‘VO&‘ N2 2 (Thue are 2 waas-.z/§ 22 5
CoMOteEzom 5 3
= Thwe are. 2 ways 77\ Q|72
Oy=gite (Ton o >t i - R - )
() Ag=7312=h, ARg=513=&, Qe=8t5=13>, Gy =/3t§=2]
Ag=21t1> =3¢ , q=3¢t2| =55, Qis=bL 3¢ =389,
Q= 891t% = I%4 , Q> U4 189=233 ,45=23t¢¢ =37
Q= Nt 235=610 Q= 610t )= 189, Au=98D+6/0 7T
Am= 5Pt 98) =258




27. a) Find a recurrence relation for the number of ways to lay b) What are the initial conditions for the recurrence re-

out a walkway with slate tiles if the tiles are red, green, lation in part (a)?
or gray, so that no two red tiles are adjacent and tiles of ¢) How many ways are there to lay out a path of seven
the same color are considered indistinguishable. tiles as described in part (a)?

_Sj‘&‘- Lot On be the number a’é—wags to lay ook o Mlkmg Wt R iles
Which are. Ied|, G Feain, o gI0Y tiles withat twd Yed Tiles beiing. ad\jw(i
(@ Fr Qa , we have 2 Cases: (end, 1ih non—red

_CLSQ_—. Thae. Ts one tile awo%g Fram "Fc“nish?vﬂ, Sha_ wa\cwaa_-. —tjle,)
‘= tles withawt 2 fed o
| ows odjagat 3 ¢ Guq WRLS

N Ules withod 2 fed  grog-
|_owes odjacpit- §_J%_ - O ‘”"5‘5 (enok uith red

- tile
—-CLSL Thoe are T tiles qQwoy “Fam ‘ﬁnishmg, S wq(\cwaa_-. )
n-2 tiles uithaut 2 fed ed .
| owes odjagat , 81 G Gin-2 Y s

n2 tles Wthoul 2 fed red
- 5w
| owes odjamat 80, 1 Q2 b

= = 201y t 202 h>2
- B a=3 (Ww,m,nﬂ)
val\‘m(al: § ( Thar. are 8 waész (r,ﬂm) , (r,ﬂrag) ‘ ca«rm,grem)
9 (Z&M, ry , (gma.r‘) cgraa,gra&)
L R A 2

(9 Qs= 2020=22, Qg=251222 =b0. Qg =2:221260 = /L4

abz; 2-65t2 ’(qu = 48 / Q1)=2[6QL—T2 G = '2‘le“'



28. Show that the Fibonacci numbers satisfy the recurrence
relation f, =5f,_, +3f,_s for n=5,6,7, ..., together
with the initial conditions f =0, f; =1, f, =1, f3 =2,
and f;, = 3. Use this recurrence relation to show that f5,,
is divisible by 5, forn =1,2,3, ... .

%’- QWQ)I\ F‘_&)(mac,c,;~ vaW\\IW/S be_ "FV\\’—"FW\‘I"FV)-'&) 'F"o:O) "F'(:—), Then w{,hQUﬂ
Tn= ‘Fn—z*":m—i oo :thi’f'ﬁ\%
= 2(_91-}_6'&—@ )*‘Fn_,} = Bﬁ-_}."' Zﬁn‘q—
= 3 (g )* 2T = B 3T
wieh f=0, fi=y, fo=1, =2, f4=3.
T:GY "F;n , We have
Fin =5 Fors 03005
To show fop 15 divisivle by 57, We show 7T by ndzefon:
. Whean,
M: n:\; we ]/lallQ, —F5‘= 5{;11_'.('3"2-}( =FJCI ‘I-leo _—5.[14‘)70:5
Wi Ts diuisitle by &
Tocluclie st « Assuma. when n=k, fo > dwisible by &, W may say
St ~F9K = 5. C s C TS o covstadt,
T{AQ'V’) whon NW=¥t( , we have,

785(,&‘) =5 ﬁ‘aﬁﬂ)—t{. = (et )5
:5'7&5'(%)# *5‘[:;(4-
Sints ‘Fgg_ s dwigple by 5 so s 5-7_05'8-’11)“:#,
Tlhon {y(tm Is aleo divigble by &
(5)/ digtm, s, s duisible by & fr nelr2,z e




