
Mat2540 HW7

Proof Given thin It tl To proveHn 2 1 by induction

Wehave
Basisste 1 H 2 1 1 checked

Inductivestep Assume Hk 2k 1 for all integer k 30
We have HI 24kt I

2 21 1 1
241 2 1 2 1

By mathematical induction Hn 2 1 for all integer no

Sol a LetAn be the numberofwaysto deposit n dollars
There are 3 possible cases for An

Cast Thelast depositedcash is 1dollarcoin
Thenumberofwaysbeforethelast is An 1

Cased Thelast depositedcash is 1 bills

Thenumberofwaysbeforethelast is An 1

Cases Thelast depositedcash is 5 bills

Thenumberofwaysbeforethelast is An 5

An An 5 2Ant 90 1 9 2 92 4 93 8 94 16

b 90 1 AF2 92 4 93 8 94 16



c As 93 29 8 2 140 288
Ag 94 298 16 2288 16576 592
Aio As 299 33 2592 33 1184 1217

Sd Let an be thenumberofways to pay a bill of n pesos
Thereare 9 possiblecases

cast Thelast depositedcash is 1 peso coin
Thenumberofwaysbeforethelast is An 1

Case Thelast depositedcash is 2 pesos coin

Thenumberofwaysbeforethelast is An2

Case Thelast depositedcash is 5 pesoscoin
Thenumberofwaysbeforethelast is An 5

Case Thelast depositedcash is 10pesos coin
Thenumberofwaysbeforethelast is An to

Caset Thelast depositedcash is 5 pesos bill
Thenumberofwaysbeforethelast is An5

Cased Thelast depositedcash is 10pesosbill
Thenumberofwaysbeforethelast is An 10

Casel Thelast depositedcash is 20pesos bill
Thenumberofwaysbeforethelast is An20

Casel Thelast depositedcash is 50pesos bill
Thenumberofwaysbeforethelast is An50

Cased Thelast depositedcash is 100pesos bill
Thenumberofwaysbeforethelast is An100

An Any An2 2An5 2Anto An20 An50 An too



Sol a Let an be the number of bit stringsoflengthn thatcontain
a pair of consecutive

faqi Ef.net anywaysfast end with 1
cases endwith 0 Tynontainighff an2ways

pairof conserative0s

T.fr sE00 2m ways

An Any An2 2ⁿᵈ
b Insists 003

wth are 100 00 ouy
initialconditions

3 22 whichare 1100 1001 0011
1000 0100 0010

0001

0000

c 9583 23 19 an 19 43 25 94
96 19 8 24 43

Sol let an be the numberof bitstring of lengthn containing
3 consentived

For An there are 2 cases

9 casetendwith1 LIn f1k1 any ways

cases end with 0 5rzontainitgt.tt an z ways
3 consecutive0s

bng neea.it 00 an 3 ways

anzanttanztan.pt
3 r 00 2 3



b Al Az DoesNOTExist

93 1 which is 000

94 3 whichare 1000,0001 00003
initialconditions

95 8 which are 11000 10001 00011 10000 01000 00010 00001
00000

c 96 1 3 8 23 20

an stetzott 4 the t
it of

Sol Let Anbe the number of bit stringsof lengthn that do not
contain 3 consecutive 0s

a ForAn wehave 2 cases
lengthof nt bits

Casedendwith 1 Ling copyutive1 any ways

Cased end with 0 lengenofn a bits

Qniggeag10 an 2 ways

lengthofn 3 bitscontaining

99 94itan ztan.sn
vaigos1009n

3ways

92 4 which are 11 10 01,003MTalconditions
mn are i o soso.ionaso.is

94 13
wich are 49,1 1,1 1 103100,10010011

c As 13 7 4 24

III



Sol Let An bethenumberofways to climb in stairs fortaking one
stairor twostairs at a time

a ForAn wehave two cases

Cased the climbingendswith onestain

There are n t stairs beforethat whichhas any ways

fast the climbing endswith a stairs

there are n 2 stairsbeforethat
whithhas an2ways

Then an any an 2 n 2

b A 1 only 1ways whenthereisonly 1stain
TailidedAz 2 climbing 2 stairs 2 ways two 1stain

or one 2stain

93 3 three1stair one1stainthenone 2stain on Quaftp.s
c Ag 9392 5 95 5 3 8 96 8 5 13 Ag 13 8 21

As 21 13 34

Sol Letanbethenumberofternarystringsof length
n containing no 2 consecutig

a ForAn we have 3 cases

Cased Thestringsendwithzbefcp.fi2t any ways

Casez Thestringsendwith 194414,4 1 any ways

Anz wayscases Thestrings
endwith 0

are ways

Then An 2Ant 2An2 9 2



inif.at
91 3 which are 0 1 23
92 8 which are 01 10 02,20 11,12 21,22

conditiona
area which are E
6 16 22

c 94 2.8 2.22 60
110 2101010 0201120 220

95 2 22 260 164 96 2.6042164 448

Sol Let Rn be the numberof regions that a plane
isdividedintoby nlines

a Ro 1 nolinewith 1 plane

FromRnt to Rn we add n.tn
ne naFtuewitnn 1 lines

To get themostof it the n th linewill intersectall theexisted

n 1 lines with n t
intersectionpoints

Since these n t intersectionpoints split the n th line into

n segments and each segments willsplit
each
regionfromRn

into 2 regions Then there are totally n newregionswhich

are created from adding the n th line
Therefore Rn Rnt th n I

b RF2 1 Ra 4 fr
13 7

Rn Ratth

In 2 th 1 th Rnz th 1 th
Rn3 th 2 n Fn Rn3 n 2 ch 1 th

R 2 3 11 n Rot 1 2 3 1 th Roth

1 11
Rn It



Sol Let Anbe thenumberof ways to completely cover a
2xn

checkerboardwith 1 2 dominoes laststep

a For An there are 2 cases

The final step is put a 1 2 vertically

Thereare any waysbefore this final step
Case Thefinal step is put two 1 2 horizontally

2 7111
there arean 2ways beforethisfinal step

Therefore An Any An z n 2

initial 91
1 only 1 way and a

92 2 There are 2 ways DfEs
condition'a

91
There are 3ways.peyaMEsIDE3DI1

c 94 3 2 5 95 5 3 8 96 8 5 13 9g 3 8 21
98 2 13 34 Ag 34421 55 910 5534 89
9 89 55 144 912 144 89 233 913 2334144 377

914 377 233 6 10,915 610 377 989 916 989 6104597
91g 1599 987 2584



Sof Let An be the number ofways to layout a walkwaywith n tile
whichare red green orgray tiles without two red

tiles beingadjacent

a For An we have 2 Cases

cnet.IEeEwiehntIleeaawayfromfinishing the
walkway with

red

anyways

Eadjacent 9 any ways

thereafter I awayfromfinishing the
walking hated

mid an ways

anLazated
an2 ways

n 2

1b A 3 either green gray or red
initial 9z 8 There are 8 ways r green Ir gray greengreen
conditions

Igreen r Igray r gray gray
graygreen greengray

c Az 2911292 22 94 2 8 222 60 95 222 260 164

Af 2 6042164 448 97 2.164 2448 1224



Sl Given Fibonaccinumbers be fn fruitfa z fo o fil Thenwehave

fn fratfor Fatfu3
2 fastfa4 for EE 2fn4
3 fn4 fag 27 4 5for4 3for 5

with fo 0 fit 72 1 13 2 fy 3
For fin we have

fan 5fan 4 3fan 5
To show fan is divisibleby5 we show it by induction

Basisstepwheel we have f5y 575443 5f 370 51 30 5
which is divisibleby 5

Inductive Assumewhen n k for is divisibleby5 wemaysay
that for 5 c where c is a constant

Then when n ktl we have

75kt 5 Tickth 4 3551kt 5

5 f5ckt1 4 375k
since fok is divisibleby5 so is 575cal 4
then fecky is alsodivisibleby5

By induction fan is divisible by 5 for 2 1,2 3


