MAT?2540, Classwork1, Spring2026
5.2 Strong Induction and Well-Ordering

In general, mathematical induction can be used to prove statements that assert that P(n) is true for all positive

integers n, where P(n) is a ]7}‘() VDSffA[)V\d l [()V\
1. Mathematical Induction. To prove that P(n) is true for all positive integers n, we complete 2 steps.
BASIS STEP: We verify that ]7( ﬂ (S Typo
INDUCTIVE STEP: We show that the conditional statement P ‘)-(3% HIK‘H \ is true for all positive integers k.

st

2. An Example of Proof usmg Mathematical Induction: Prove C-F;zt n? + n is divisible by 2 for alln é Z*.

Recognize P(n): n+)’\ ]9 AW(Q’H‘Q b\/ 2 Y Q‘ Y\é Z+>
Basis Step. Shovrv\;;(ln is true: LS I+\-2 o?tvus'b(ﬁ \DYQ K \es . AN S

InductzveStep AZSMM [C‘C) s £F QEV K!Ez P E "T() (> true
{‘“?[f \s Aisile bY 2 = t* =M Wi n (5 an MW >Kf(ﬁ =2m
Thon we have (etivs (eer) = Plroee] ¢Ftl = Fqabr2
=[x Hele 2 = amkt2 =2 (ntksl) < (exyesd) i divisle by >
Conclusion: P(h) Vs T {av allnez™

3. Strong Induction. To prove that P(n) is true for all positive integers n, we complete 2 steps:

BASIS STEP: We verify that D( D 1S trug .
INDUCTIVE STEP: We show that the conditional statement [P(")/\ p(z) N\ P (A - /\PU:SK'9 Kh")

1c trug. for all pocitive n®hory k.

4. An Example of Proof using Strong Induction.

Show that if n is an integer greater than 1, then n can be written as the product of primes.

Recognize P): [T 1 TS g (Urtges qrea)?er than (, lon p can he wCln nggvmw
Basis Step. Show B@IS true: Becauc.;e 2= \)('l "&(A(é (S True_ . h)ag
Inductive Step: A’SQL{WLQ P()) 15 e "6[/‘ 2= \-‘ZK , IT, imeams a“% \ con be

o ppodud - pries To shw that P(k'(‘ﬂ s the, fat s, (C’ﬁ\

‘5 <l \I)Y'Odaj_b% pr s . There are two cases:
OMES pel s PVW& we \mwﬂ\cdd% seq ek~ PCEH) (= Tty

oIt ktl = composn , i€ mems [kt =ax-b = 2<£a<phsk.
We can uee. €ha mo{md’?w hypothess € wrre both n and b as

o prodtt of prikes, Thus, 5 ft(=a-b  thon Kt( s o pedudl”
D@ nr«ms Lt weans thal” D((ﬁ‘(’) 15> thue

5. How to decide which induction to use?




6. Modified Strong Induction

Let b be a fixed integer. To prove that P(n) is true for all positive 1ntegers n with n > b, we complete 2 steps:

BASIS STEP: We verify that the propos1t10ns P(,b> P( b% D Cevre 199) are true where j is O ~F KPOQ

posrw& W\ﬁger and ‘1 >b

INDUCTIVE STEP: We show that the conditional statement rP(b)A ?Cbﬂ) NAUA P( /4)3 > P C{fﬁ:)
e %rawcx‘, PSR (mfa(lgwp K >uf '

7. Prove that every amount of postage of 12 cents or more can be formed using just 4-cent and 5-cent stamps.

(a) Prove the statement by Mathematical Induction.
Basis Step. Show E ([2) is true: Sine. | 2= [PHF‘(‘C‘[,;QVWI\ P(P—) 1S €rud
Inductive Step. Assume P(k\ 1s frug 'Fm«- k>/ |2 Then to prove P(k + 1) is true, we have 2 cases:
(1) k-cent is formed usingd ‘easf, o0 19.4-cent stamp: K: Ct+4 "ﬁV an rh'fﬂg&(‘ C wheh is 'FM’M
b 4- GuiX wnd 5~ stamps A KE[=CF5 nich mens DIt T> € .
(2) k-cent is formed WechoulT  4-cent stamps: K >I5, K= C( ‘f’_ﬁ{:ﬁ whame_ C 1S “FGYW-LD{
by 3 o ctawp(s) | thon KH| =CH 4yt Whith means  (fe)- @at 75
also famed by G- col and Comit stamps

Conctusion: By (1) (2, P(E)—> PCEt() and_Pch) s trug foy n>r2

(b) Prove the statement by Strong Induction. l(s}' b~(2 5 \- 15 (Wh‘/ ]
Basis Step. Show P(|2> PCB) PU¢> PC/S')aIe true: Slnce we have | 2=U+H4 14 | 13=4+¢+5
[4= 415t5, | C=5%615 , than Tthie shows all fourdt, Hom ane Erue
Inductive Step. Assume P(J) [sthug ,12< éK M,u.//\{ £15 an irter wen £=>/(4.
To prove P(k + 1) is true, we do the following:
By asumostin -t PCE3) (s tiwe pecawe. K22 (R Wl form(k=-3)- @it
it 4~ and &k stamps, .
For Pré), we love ke(= K344, hivh weans kct| can be formed by
(k)-odt qud a 4- Gutr_stawp , Thuasfore , pEEH) (S e qud

W 2 e
8. The Well-Ordering Property: E Yo - "(l/e' "W has a lfﬁSt
Example: A = {5, 8, 3,11}. The least element is 5 ) M

" Th Vi o beth wah iifon and st tnddackon follows Frowm
oo well- ordorig. o roperty ( Apperdix 1)



