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5.2 Strong Induction and Well-Ordering 
In general, mathematical induction can be used to prove statements that assert that !(#) is true for all positive 
integers #, where !(#) is a ___________________________________.  

1. Mathematical Induction. To prove that !(#) is true for all positive integers n, we complete 2 steps. 

    BASIS STEP: We verify that ________________________________. 

    INDUCTIVE STEP: We show that the conditional statement ___________________ is true for all positive integers !. 

2. An Example of Proof using Mathematical Induction: Prove that #! + # is divisible by 2 for all # ∈ ℤ". 

    Recognize "($): ___________________________________________________. 

    Basis Step. Show "(1) is true: _________________________________________________. 

    Inductive Step. _______________________________________________  

     _______________________________________________________________________________________________ 

     _______________________________________________________________________________________________ 

     _______________________________________________________________________________________________ 

     Conclusion: _______________________________________ 

3. Strong Induction. To prove that !(#) is true for all positive integers n, we complete 2 steps:  

    BASIS STEP: We verify that ___________________________.  

    INDUCTIVE STEP: We show that the conditional statement _______________________________________ 

                                     _______________________________________________________________________. 

4. An Example of Proof using Strong Induction.  

Show that if # is an integer greater than 1, then # can be written as the product of primes. 

Recognize "($): _________________________________________________________________________. 

Basis Step. Show ______ is true: ______________________________________________________________. 

Inductive Step: _____________________________________________________________________________ 

__________________________________________________________________________________________ 

________________________________________________________________________. There are two cases: 

(1) _____________________________________________________________________________________.  

(2) _______________________________________________________________________________________ 

__________________________________________________________________________________________ 

__________________________________________________________________________________________ 

_______________________________________________________________________________________. 

5. How to decide which induction to use? 

 

 

propositional function

PCI is true
pK PLKI belongsto

nth isdivisibleby 2 for all nextnet Is 1 1 2 divisibleby2 Yes it is true

kik is ifeng.ieeLEEEmPmmerePm'it Fraget kk am
Then wehave 154 kit kick 1 Ktl kket 2
K 2k 2 2M 2kt 2 2 Mtk 1 4 1 1 is divisibleby2

Pcn is true for all next

PCI is true
Pump 2 Ap 3 Apck PCK

is true forallpositive integers K

if n is an integergreaterthan I then n can bewritten affrodud
P 2 Because 2 1 2 this is true ofpring
Assume P j is true for 2 j K itmeans any canbe

aproductof primes Toshow that P K1 is true that is K
is theproductof primes
If kt isprime we immediately see that PCKI is true
If Ktl is composite it means 1 a b 2 a b k

Wecan use the inductive hypothesis to write botha andb as
theproductofprimes Thus if kt a b then kt is a product
of primes It means that P Ktl is true



6. Modified Strong Induction 

Let ) be a fixed integer. To prove that !(#) is true for all positive integers # with # ≥ ), we complete 2 steps: 

BASIS STEP: We verify that the propositions _________________________ are true where + is ____________ 

 ___________________ and ___________________. 

INDUCTIVE STEP: We show that the conditional statement _________________________________________ 

                                  ____________________________________________________________ 

7. Prove that every amount of postage of 12 cents or more can be formed using just 4-cent and 5-cent stamps. 

(a) Prove the statement by Mathematical Induction.     

     Basis Step. Show _________ is true: _________________________________________________.  

     Inductive Step. Assume ___________________________. Then to prove !(, + 1) is true, we have 2 cases:  

     (1) ,-cent is formed using ___________ 4-cent stamp: ___________________________________________ 

     _______________________________________________________________________________________. 

     (2) ,-cent is formed __________ 4-cent stamps: ________________________________________________ 

     _______________________________________________________________________________________ 

     _______________________________________________________________________________________ 

     _______________________________________________________________________________________. 

     Conclusion: ______________________________________________________________.          

(b) Prove the statement by Strong Induction.  ________________________________ 

     Basis Step. Show ________________________ are true: Since we have ____________________________  

     _______________________________________________________________________________________. 

     Inductive Step. Assume ___________________________________________________________________.  

     To prove !(, + 1) is true, we do the following: 

     _______________________________________________________________________________________ 

     _______________________________________________________________________________________ 

     _______________________________________________________________________________________ 

     _______________________________________________________________________________________ 

     _______________________________________________________________________________________ 

     _______________________________________________________________________________________. 

8. The Well-Ordering Property: _______________________________________________________________. 

    Example: - = {5, 8, 3, 11}. The least element is _____. 

9. The Equivalent Principles.  
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