Another Final Brief Solutions

Licheng Zhang

There may be some mistakes in the following contents. Please do them by yourself and compare. If
there is any question, let me know. Work hard, try to ace your final exam!

Ly=22ds=/1+(y)2dz = 1+ 422dz
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let u =1+ 422, then du = 8zdz, and 2* = 21, 4(0) = 1,u(1) =5
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grad(f) X grad(g) =1 fe fy f | = (fygz - fzgy)i - (fa:gz - fzg:r).] + (f:vgy - fygz)k
9z Gy 9=z
div(grad(f) X grad(g)) = (fygz - fzgy):zz - (fxgz - fzgzzz)y + (fxgy - fygz)z

= fymgz + fygz:c - fz:cgy - fzgya: + fzygz + fzgxy
_facygz - facgzy + f:czgy + .facgyz - fyzgac - fygxz
= 0

3. (a) £ =3cosf, y=3sin0, 0< 0 <27, 0<2<4

(b) This is part of cylinder, let f(x,y,2) = 22 +y*>—9, Vf = (2z,2y,0), so V£(3,0,1) = (6,0,0),
the equation of the tangent plane is 6(x —3)+0(y —0) + 0(z — 1) = 0, that is, the plane z = 3.

4. y=sinzx, ds = /14 (y')? de = V1 + cos? z dx,
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where we used u-substitution u = cos® x, du = —2 cos z sin zdz.
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(a) If we can show curl(F) = 0, then there exists a function f such that F = V f,
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carl(F)=| & & & |=01-1Di-(0-0j+2y—2yk=0
y2 2xy+z oy

so the integral of F' between any two points is independent of the curve between the two
points. (State the theorems that you think it should be)

(b) by part(a) , we know there exists a function f such that F =V f,

fo = y2
fy = 2xy+z
fz =Yy

Integrate f, with respect to z, we get f(x,y, z) = zy*+g(y, 2), then differentiate with respect
toy and z, fy =2zy + gy =22y + 2,f2 = g. = y.

Gy =2,92=Y

so g(y, 2) = yz + C, where C is a constant, we can take C = 0. Thus f(z,y,2) = zy* + yz.

/F-dr:f(2,1,1)—f(o,o,o)=2+1—0=3
C

if [f(t)] = 1 for all t, then f- f = |f(t)|> = 1, differentiate both sides with respect to t,
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this is true for all ¢, so f(t) is orthogonal to %f(t) for all ¢.



8. (a) the parametric equation is:

r = 1+0-1t=1-t¢
y = O+(7r/270)t:gt
2 o= 0+(1—-0t=t

where 0 <t < 1.
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(b) r(t) = (cost,t,sint), dr = (—sint, 1,cost), (1,0,0) - ¢t =0, (0,7/2,1) = ¢t =7/2,

F(r(t)) - dr = (sint,cost,t) - (—sint, 1,cost) = sin® ¢ + cost + t cost
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9. (a) I believe you can sketch it!
(b) let E denote the solid cylinder, enclosed by % + 22 =1,0< x < 2,
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where we used polar coordinates, y = rcosf, z=rsinf, 0<r <1,0<60 <27«

10.

_ 1 _ 1 Green’s 1
RHS—§/CF(as,y)~dr—2/C—ydx+mdym2/j4(l (—1))dzdy
:// 1 dedy = Area(A) = LHS
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11. (a)

i j ok

curl(F)=| & Z 2 1 =(22-22)i—(0-0)j+(0—0k=0
2x zé 2yz

so the integral of F along a curve C joining P to @ is independent of the curve C.



(b) By part(a), there exists a function f such that F = Vf,
fo =2z, fy = 227 f.=2yz

use the method we usually do, we can get f(z,y,2) = 2% + y22
/ F(r(t)) -dr = f(1,3,-1)— f(0,1,0) =1+3-0=4
c

12. (a)

r'(t) = (—2sint,2cost, 3), ||I'/(t)”=\/4Sin2t—‘r4COS2t—|—9=\/ﬁ
L:/ ¥ (8)||dt = VT3
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(b) The projection of this paraboloid on xy-plane is the disk D = {(z,y)|z? + y* < 1}
2y = 2T, zy =2y

so the surface area
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13. (a) x =sin¢cosh, y =singsinf, z=cosp, 0 < ¢ < T, 0 <0 < 7. We can write
r(¢,0) = (sin ¢ cosf,sin ¢sin b, cos ¢)

(b) The flux of F across S is,

//SF’dS://SF'ndSZ//SF(r)‘(%Xro)dA

we can calculate rg X ry first,

ro, = (cos¢pcosb,cospsing, —sine)
rg = (—singsiné,sin¢gcosh,0)
i j k
ry Xxrg=| cos¢cosfl cos¢sinf —sing
—singsind sin¢cosf 0

= sin? ¢ cos i — (0 — sin? ¢ sin A)j + (sin ¢ cos ¢ cos? 6 + sin ¢ cos P sin® A)k
= sin? ¢ cos 0i + sin® ¢ sin 0 + sin ¢ cos ¢k

the z-component of r4 Xy is positive for the range of ¢, so this is the vector we need, otherwise,
take its opposite.

F(r) - (ry x rg) = (0,0, cos? ¢) - (sin® ¢ cos 0, sin® ¢ sin 0, sin ¢ cos ¢) = sin ¢ cos® ¢
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14.
15.

Same as (9)

The boundary C of the hemisphere is given by 22 +y2 + 22 =9 and 2 =0, i.e. 22 +42=9,2 =0,
so the parametrization of the curve is r(¢) = (3cost, 3sint, 0), 0 <t < 2.

F(r(t)) - r'(t) = (6sint,0,3 coste®*5" ") . (~3sint, 3 cost,0) = —18sin’¢

Use Stokes theorem

2m 2 2m
/ curl(F) - ndS = / F.dr= / F(r(t) -r'(t)dt = / —18sin’t dt = —9/ (1 —cos2t) dt
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